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 a b s t r a c t

Recently, we proposed a method for calculating per-atom and per-direction degrees of freedom (DoF) in the 
presence of geometric constraints, enabling fine-grained local kinetic temperature calculations. Here, we discuss 
relevant implementation details for various constraint geometries, including those which feature kinematic 
loops (e.g. benzene with rigid bond lengths). Furthermore, by analyzing the effects of deformation of semi-rigid 
molecules on the DoF of each constituent atom, we gain insight into conditions under which atomic DoF may 
vary significantly during a simulation. This provides some guidance towards cases where local DoF should 
be calculated dynamically to obtain reliable local temperature measurements, and cases where using the 
atomic DoF of the equilibrium geometry as a constant throughout the simulation would be sufficient. We have 
implemented the presented algorithms in an open-source C library, dofulator, which can be used on its own 
or through a Python interface that includes compatibility with the popular MDAnalysis package.

PROGRAM SUMMARY

Program Title: dofulator
CPC Library link to program files: https://doi.org/10.17632/8z6vhd3vw3.1
Developer’s repository link: https://github.com/CTCMS-UQ/dofulator
Licensing provisions: MPL-2.0
Programming language: C, Python
Nature of problem: In molecular simulations with geometry constraints, determining the degrees of freedom 
(DoF) associated with a local kinetic temperature measurement can become non-trivial when constraints include 
atoms both inside and outside the local subset of interest [1]. The (fractional) DoF of atoms in a rigid body 
depends on their masses and the molecular geometry. If constraints do not form a rigid body, but instead a 
semi-rigid fragment, then the partitioning of atomic DoF can vary as the fragment deforms. Furthermore, if 
directional kinetic temperatures are required, DoF along each direction must be determined, which additionally 
depend on the orientation of the rigid body or semi-rigid fragment.
Solution method: Atomic DoF can be calculated by the relative contribution of each atom to the inertia of each 
mode of motion [1]. This software allows rigid bodies and semi-rigid fragments to be defined, from which a 
plan is constructed for determining said modes and contributions. Once constructed, a plan can be applied 
repeatedly to calculate atomic DoF on required frames of a molecular dynamics trajectory.
Additional comments including restrictions and unusual features: The core dofulator library is provided as a C API, 
depending only on a BLAS and LAPACK implementation and suitable for direct integration with a molecular 
dynamics engine (possibly with some modifications). For convenience, a thin Python wrapper is also provided, 
and this is used to provide plugins to MDAnalysis [2,3] which gives a simple way to read molecular dynamics 
trajectories and define local selections of atoms for post-processing of local DoF and temperatures. 
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$N$


$\bm {r}_i$


$i\in \{1, \dots , N\}$


$\bm {v} = [\bm {v}_1;\dots ;\bm {v}_N]$


$\dot {\bm {\theta }} = [\bm {v}_1;\bm {\omega }_1]$


\begin {equation}\bm {v} \equiv \left [\begin {array}{@{}c@{}} \bm {v}_1 \\ \vdots \\ \bm {v}_N \end {array}\right ] = \bm {J} \left [\begin {array}{@{}c@{}} \bm {v}_1 \\ \bm {\omega }_1 \end {array} \right ] \equiv \bm {J}\dot {\bm {\theta }}. \label {eqn:velocity-transform}\end {equation}


$3N \times 6$


\begin {equation}\label {Jmat} \bm {J} = \left [\begin {array}{@{}cc@{}} \bm {1} & \bm {0} \\ \bm {1} & -[\bm {r}_2 - \bm {r}_1]_\times \\ \vdots & \vdots \\ \bm {1} & -[\bm {r}_N - \bm {r}_1]_\times \end {array}\right ].\end {equation}


$\bm {1}$


$\times $


\begin {equation}[\bm {r}]_\times \equiv \left [\begin {array}{@{}ccc@{}} 0 & -r_z & r_y \\ r_z & 0 & -r_x \\ -r_y & r_x & 0 \end {array}\right ]. \label {Xeqn3-3}\end {equation}


$[\bm {r}]_\times \bm {x} \equiv \bm {r} \times \bm {x}$


$K$


\begin {equation}2K = \dot {\bm {\theta }}^T\bm {\mathcal {I}}\dot {\bm {\theta }}. \label {Xeqn4-4}\end {equation}


\begin {equation}2K = \bm {v}^T\bm {M}\bm {v}, \label {Xeqn5-5}\end {equation}


$\bm {M}$


\begin {equation}\bm {M} = \left [\begin {array}{@{}ccc@{}} m_1\bm {1} & \cdots & \bm {0} \\ \vdots & \ddots & \vdots \\ \bm {0} & \cdots & m_N\bm {1} \end {array}\right ]. \label {Xeqn6-6}\end {equation}


$\bm {v}$


\begin {equation}2K = \dot {\bm {\theta }}^T\bm {J}^T\bm {M}\bm {J}\dot {\bm {\theta }}, \label {Xeqn7-7}\end {equation}


$\bm {\mathcal {I}} = \bm {J}^T\bm {M}\bm {J}$


$\bm {\mathcal {I}}$


$K$


$\bm {M}$


$m_i\bm {1}$


$\bm {M}$


$\bm {\mathcal {I}}$


$\bm {M}$


$\frac {1}{2}k_BT$


$\frac {1}{2}k_BT$


$\bm {\mathcal {I}}$


$\bm {q}_{\beta }$


$\bm {Q}$


$\bm {Q}\bm {\Lambda }\bm {Q}^T = \bm {\mathcal {I}}$


$\bm {\Lambda }$


$\lambda _\beta $


$\beta $


$\lambda _\beta $


$\bm {Q}\bm {Q}^T = \bm {1}_n$


$\bm {1}_n$


$n$


\begin {equation}2K = \dot {\bm {\theta }}^T\bm {Q}\bm {Q}^T\bm {\mathcal {I}}\bm {Q}\bm {Q}^T\dot {\bm {\theta }}, \label {Xeqn8-8}\end {equation}


$\bm {Q}^T\dot {\bm {\theta }}$


$\bm {Q}^T\bm {\mathcal {I}}\bm {Q} = \bm {\Lambda }$


$\bm {R} \equiv \bm {M}^{\frac {1}{2}}\bm {J}\bm {Q}$


$\bm {\Lambda } = \bm {R}^T\bm {R}$


$i$


$\alpha $


$3N \times 3N$


$\bm {S}_{i\alpha }$


$i\alpha $


\begin {equation}\bm {\Lambda }_{i\alpha } \equiv \bm {R}^T\bm {S}_{i\alpha }\bm {R}. \label {Xeqn9-9}\end {equation}


$\bm {S}_i$


$i$


$d_{i\alpha }$


\begin {equation}d_{i\alpha } = \sum _{\beta \in \mathcal {B}} \frac {\bm {\hat {e}}_\beta ^T\bm {\Lambda }_{i\alpha }\bm {\hat {e}}_\beta }{\lambda _\beta } \label {eqn:dof-atom-directional}\end {equation}


$\bm {\hat {e}}_\beta $


$\beta $


$\mathcal {B}$


$\bm {\hat {e}}_\beta ^T\bm {\Lambda }_{i\alpha }\bm {\hat {e}}_\beta $


$\beta ,\beta $


$\bm {\Lambda }_{i\alpha }$


$\hat {\bm {e}}_\gamma $


\begin {equation}\bm {S}_{i\gamma } = \bm {S}_i \left [\begin {array}{@{}c@{}}\hat {\bm {e}}_\gamma \\ \vdots \\ \hat {\bm {e}}_\gamma \end {array}\right ] \left [\begin {array}{@{}ccc@{}}\hat {\bm {e}}_\gamma ^T & \cdots & \hat {\bm {e}}_\gamma ^T\end {array}\right ] \bm {S}_i. \label {eqn:dof-directional-projection}\end {equation}


$\hat {\bm {e}}_\gamma $
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$\bm {J}$


$\bm {\Theta }^{-1}\hat {\bm {e}}_x$


$\bm {\Theta }^{-1}\hat {\bm {e}}_y$


$\bm {\Theta }^{-1}\hat {\bm {e}}_z$


$\bm {J}_m \equiv \bm {M}^{\frac {1}{2}}\bm {J}$


$\bm {\mathcal {I}} = \bm {J}_m^T\bm {J}_m$


$\bm {\mathcal {I}}$


$\bm {\Lambda }$


$\bm {Q}$


$\bm {R} = \bm {J}_m\bm {Q}$
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$i\alpha $
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$\bm {R}$
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$s$
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$-[\bm {r}_{p-s}]_\times $


$s$


$\dot {\bm {\theta }}$


$p$


$s$


$p$


\begin {equation}\bm {J} = \left [\begin {array}{@{}cccc@{}} \bm {1} & \bm {0} & \bm {0} & \bm {0} \\ \bm {1} & -[\bm {r}_\text {O-H1}]_\times & \bm {\hat {r}}_\text {O-H1} & \bm {0} \\ \bm {1} & -[\bm {r}_\text {O-H2}]_\times & \bm {0} & \bm {\hat {r}}_\text {O-H2} \end {array}\right ], \label {Xeqn14-16}\end {equation}
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$\bm {J}^{(t)}\dot {\bm {\theta }}$
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$s$


$\bm {V}_k$


\begin {equation}\bm {V}_k^\text {bond} = \hat {\bm {r}}_{s-p}^T (\bm {C}_s - \bm {C}_p), \label {Xeqn15-17}\end {equation}


$\hat {\bm {r}}_{s-p}\equiv (\bm {r}_s - \bm {r}_p)/\left |\bm {r}_s-\bm {r}_p\right |$
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$i$


$3\times 3$


$\bm {1}$


$N_k$


\begin {equation}\bm {K} \equiv \left [\begin {array}{@{}c@{}} \bm {V}_1 \\ \vdots \\ \bm {V}_{N_k} \\ \end {array}\right ]\bm {J}^{(t)}. \label {Xeqn16-18}\end {equation}
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$(\bm {C}_i - \bm {C}_j)$


$i$
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\begin {equation}\bm {\omega }_{ji} = \frac {[\bm {r}_{ji}]_\times }{\left |\bm {r}_{ji}\right |^2} \left (\bm {C}_i - \bm {C}_j\right ). \label {Xeqn17-19}\end {equation}
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$\bm {\omega }_{ji} = \bm {\omega }_{jk}$


$\bm {\omega }_{jk} - \bm {\omega }_{ji}$


\begin {equation}\frac {(\bm {r}_{ji}\times \bm {r}_{jk})^T}{\left |\bm {r}_{ji}\times \bm {r}_{jk}\right |}(\bm {\omega }_{jk}-\bm {\omega }_{ji})\bm {J}^{(t)}\dot {\bm {\theta }} = 0. \label {Xeqn18-20}\end {equation}


\begin {equation}\bm {V}_k^\text {ang} = \begin {cases} \bm {\omega }_{jk} - \bm {\omega }_{ji}, & |\bm {r}_{ji}\times \bm {r}_{jk}| = 0, \\[5pt] \frac {(\bm {r}_{ji}\times \bm {r}_{jk})^T}{\left |\bm {r}_{ji}\times \bm {r}_{jk}\right |}(\bm {\omega }_{jk}-\bm {\omega }_{ji}), & |\bm {r}_{ji}\times \bm {r}_{jk}| \neq 0. \end {cases} \label {Xeqn19-21}\end {equation}
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$3\times 3$


\begin {equation}T_{\mathcal {A}}(t) = \frac {\sum _{i\in \mathcal {A}} m_i \bm {v}_i\cdot \bm {v}_i}{k_B\sum _{i\in \mathcal {A}} d_i}, \label {eqn:atom-temp}\end {equation}
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\begin {equation}T_\text {all}(t) = \frac {\sum _i m_i\bm {v}_i\cdot \bm {v}_i}{k_B\sum _i d_i}. \label {Xeqn22-24}\end {equation}
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Kenney, O. Beckstein, MDAnalysis: A Python package for the rapid analysis of molecular dynamics simulations, in: 
Proceedings of the 15th Python in Science Conference, SciPy, SciPy, 2016. doi: 10.25080/majora-629e541a-00e.

Molecular simulations are often carried out in cases where a 
temperature field is imposed or needs to be determined. An example of 
a situation where this is important is in a system with a phase boundary 
(interface) where interfacial thermal resistance can lead to a sharp 
change in the temperature. However, the presence of geometric con-
straints, which are commonly used to reduce the calculation time, makes 
accurate local temperature measurement non-trivial. Recent work has 
shown the importance of accurately determining the degrees of freedom 
(DoF) associated with local temperature measurements in cases where 
geometry constraints include particles both inside and outside the local 
selection [1–3]. While it is relatively simple to calculate the per-particle 
DoF of particles which form a rigid body, dynamic updating based on 
orientation is required for further partitioning into Cartesian directions 
(of interest, for example, as a check for equilibrium, or when directional 
driving or anisotropic structure lead to a non-equilibrium state where 
different directions have different kinetic temperatures). Furthermore, 
semi-rigid fragments, defined as a set of particles connected by at least 
one geometric constraint, pose a greater challenge due to the DoF 
partitioning also depending on the conformation.

Previous work [3] has provided a general theory for determining 
DoF. This paper presents a practical algorithm for applying this the-
ory, as well as examples demonstrating its application. We have made 
this DoF calculator algorithm available as open source software, titled
dofulator, which provides both C and Python library interfaces, along 
with plugins to the popular molecular dynamics analysis tool MDAnaly-
sis [4,5]. Thus, it is now possible to take trajectories created by a range 
of different molecular dynamics packages and obtain DoF and tempera-
ture information for any subset of atoms (e.g. those in a spatial region, 
or particular atoms in a molecular species). The calculator can provide 
both per-atom and per-direction DoF, and supports both rigid bodies 
and semi-rigid fragments with arbitrary sets of distance constraints, in-
cluding those which form kinematic loops (e.g. ring structures with all 
bond lengths fixed).

Theory for imposing other geometric constraints such as bond an-
gle or dihedral constraints is also discussed in detail. Note that while 
pure bond angle or dihedral constraints which do not constrain bond 
lengths are possible to support (as described in the following section), in 
practice, angle constraints are typically imposed along with rigid bond 
lengths, and dihedral constraints along with both rigid bond lengths 
and angles. Hence, only distance constraints are necessary to produce 
identical results for the vast majority of use cases, and support in
dofulator is therefore limited to such cases in the present version of the
software.

Furthermore, it has been suggested that use of average per-particle 
DoF at equilibrium may provide sufficient accuracy without the addi-
tional cost of re-calculating the DoF for each conformation [2,3]. We 
examine this approximation in comparison to the more accurate treat-
ment enabled by dofulator, considering both equilibrium and non-
equilibrium systems and a variety of constraint geometries.

1.  Theory

The degrees of freedom (DoF) associated with a set of point par-
ticles influenced by rigid constraints can be calculated based on their 
fractional contribution to the inertia of each mode of motion [3]. Con-
sider an arbitrary rigid body consisting of 𝑁 particles with positions 𝒓𝑖, 
𝑖 ∈ {1,… , 𝑁}, which is free to undergo translational and rotational mo-
tion (e.g. a rigid molecule). Choosing particle 1 as the origin, the motion 
of all other particles can be described using a reduced coordinate system 
which consists of the position of the origin particle, and rotation about 
the coordinate axes (or in a plane). The velocity of each particle in lab-
frame Cartesian coordinates, 𝒗 = [𝒗1;… ; 𝒗𝑁 ], can hence be obtained in 
terms of the velocity in the reduced coordinate system, 𝜽̇ = [𝒗1;𝝎1], as

𝒗 ≡
⎡

⎢

⎢

⎣

𝒗1
⋮
𝒗𝑁

⎤

⎥

⎥

⎦

= 𝑱
[

𝒗1
𝝎1

]

≡ 𝑱 𝜽̇. (1)

where the 3𝑁 × 6 Jacobian is given by,

𝑱 =

⎡

⎢

⎢

⎢

⎢

⎣

𝟏 𝟎
𝟏 −[𝒓2 − 𝒓1]×
⋮ ⋮
𝟏 −[𝒓𝑁 − 𝒓1]×

⎤

⎥

⎥

⎥

⎥

⎦

. (2)

Here, 𝟏 is the unit matrix of size 3, and the × subscript indicates con-
struction of the matrix which applies the cross product,

[𝒓]× ≡
⎡

⎢

⎢

⎣

0 −𝑟𝑧 𝑟𝑦
𝑟𝑧 0 −𝑟𝑥
−𝑟𝑦 𝑟𝑥 0

⎤

⎥

⎥

⎦

. (3)

That is, [𝒓]×𝒙 ≡ 𝒓 × 𝒙. Hence, the first block column of the Jacobian ma-
trix corresponds to translational motion, and the second to rotation.

The kinetic energy, 𝐾, can be expressed in terms of the reduced co-
ordinate velocities and the associated inertia tensor as
2𝐾 = 𝜽̇𝑇𝜽̇. (4)

It can also be expressed in terms of lab-frame velocities as
2𝐾 = 𝒗𝑇𝑴𝒗, (5)

where 𝑴 is the diagonal mass matrix given by

𝑴 =
⎡

⎢

⎢

⎣

𝑚1𝟏 ⋯ 𝟎
⋮ ⋱ ⋮
𝟎 ⋯ 𝑚𝑁𝟏

⎤

⎥

⎥

⎦

. (6)

Substituting Eq. (1) for 𝒗 gives
2𝐾 = 𝜽̇𝑇 𝑱 𝑇𝑴𝑱𝜽̇, (7)

and hence the inertia tensor in the reduced coordinate system must be 
 = 𝑱 𝑇𝑴𝑱 . This also makes it clear that the contribution to , and 
hence 𝐾, from a given particle can be obtained by setting the mass of 
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all other particles to 0 in 𝑴 . Furthermore, noting that the diagonal ele-
ments of each 𝑚𝑖𝟏 in 𝑴 are associated with motion in the three lab-frame 
directions, the contribution to  due to motion in a particular direction 
can be similarly obtained by zeroing the elements in 𝑴 corresponding 
to the other directions.

For local temperature measurements where the modes of motion are 
independent, the equipartition theorem applies and states that, at equi-
librium, each quadratic degree of freedom will have an average kinetic 
energy of 12𝑘𝐵𝑇 . However, in the reduced coordinate system considered 
here this is not the case in general, since the modes are not indepen-
dent. The independent modes, or normal modes, which do each have 
1
2𝑘𝐵𝑇  average kinetic energy [6], can be obtained by diagonalizing 
via eigendecomposition. The eigenvectors, 𝒒𝛽 , form the columns of the 
matrix 𝑸 such that 𝑸𝚲𝑸𝑇 = , where 𝚲 is the diagonal matrix of the 
corresponding eigenvalues, 𝜆𝛽 . 𝛽 indexes the eigenvalues and eigenvec-
tors, and hence each non-zero 𝜆𝛽 represents a normal mode. Noting that 
𝑸𝑸𝑇 = 𝟏𝑛, where 𝟏𝑛 is the unit matrix of size 𝑛 (the number of reduced 
coordinates; 6 in the case of a rigid body), this allows a transform to the 
expression for the kinetic energy,
2𝐾 = 𝜽̇𝑇𝑸𝑸𝑇𝑸𝑸𝑇 𝜽̇, (8)

and hence it is clear that the modal velocities are given by 𝑸𝑇 𝜽̇, and the 
modal inertia by 𝑸𝑇𝑸 = 𝚲.

It is convenient here, for the sake of isolating particular particles and 
particular lab-frame directions, to define a new transform, 𝑹 ≡ 𝑴

1
2 𝑱𝑸, 

noting that 𝚲 = 𝑹𝑇𝑹. A particular particle, 𝑖, and direction, 𝛼, can then 
be selected with the 3𝑁 × 3𝑁 switch matrix, 𝑺𝑖𝛼 , which is zero except 
for a single 1 as the diagonal element corresponding to 𝑖𝛼, giving its 
inertia contribution as
𝚲𝑖𝛼 ≡ 𝑹𝑇𝑺𝑖𝛼𝑹. (9)

Note that by definition,

𝚲 =
𝑁
∑

𝑖

∑

𝛼∈{𝑥,𝑦,𝑧}
𝚲𝑖𝛼 (10)

=
𝑁
∑

𝑖
𝑹𝑇

[

∑

𝛼∈{𝑥,𝑦,𝑧}
𝑺𝑖𝛼

]

𝑹 (11)

≡
𝑁
∑

𝑖
𝑹𝑇𝑺𝑖𝑹, (12)

where 𝑺𝑖 is the diagonal switch matrix which gives the total DoF of atom 
𝑖. Hence, as the DoF of a particular atom in a particular direction, 𝑑𝑖𝛼 , 
is given by the sum of its fractional contributions to the inertia of each 
mode it participates in [3], this can be obtained by

𝑑𝑖𝛼 =
∑

𝛽∈

𝒆𝑇𝛽 𝚲𝑖𝛼𝒆𝛽
𝜆𝛽

(13)

where 𝒆𝛽 is the unit vector in the 𝛽 direction of the  normal modes 
(i.e., 𝒆𝑇𝛽 𝚲𝑖𝛼𝒆𝛽 selects the 𝛽, 𝛽 diagonal element of 𝚲𝑖𝛼).

The directional DoF can additionally be projected along an arbitrary 
unit vector, 𝒆̂𝛾 , through a modified switch matrix,

𝑺𝑖𝛾 = 𝑺𝑖

⎡

⎢

⎢

⎣

𝒆̂𝛾
⋮
𝒆̂𝛾

⎤

⎥

⎥

⎦

[

𝒆̂𝑇𝛾 ⋯ 𝒆̂𝑇𝛾
]

𝑺𝑖. (14)

This follows simply from taking the component along 𝒆̂𝛾 of the atomic 
velocity in a given mode. Furthermore, the 𝑥, 𝑦 and 𝑧 DoF of a rigid body 
rotated by the matrix 𝚯 from the reference frame in which 𝑱  was cal-
culated can be obtained from projection in the original reference frame 
along the new basis vectors 𝚯−1𝒆̂𝑥, 𝚯−1𝒆̂𝑦, and 𝚯−1𝒆̂𝑧.

This method makes calculation of atomic and directional DoF con-
venient to do computationally by:

1. Constructing the mass-adjusted Jacobian matrix, 𝑱𝑚 ≡ 𝑴
1
2 𝑱 .

Fig. 1. Example of connectivity matrix construction from tree topology, with 
C1 chosen as the root atom. Arrows show the unique path from any atom to the 
root. The connectivity matrix can be obtained by following the arrows from a 
given atom back to the root and marking a 𝟏 in the block column corresponding 
to each atom encountered.

2. Left-multiplying it by its transpose to obtain the inertia tensor,  =
𝑱 𝑇
𝑚 𝑱𝑚.

3. Finding the eigenvalues and corresponding eigenvectors of  to ob-
tain 𝚲 and 𝑸.

4. And calculating 𝑹 = 𝑱𝑚𝑸.

At this point, it is trivial to query 𝑹 and 𝚲 to obtain the desired atomic 
and/or directional DoF as per Eq. (13), noting that
𝒆𝑇𝛽 𝚲𝑖𝛼𝒆𝛽 = 𝒆𝑇𝛽 𝑹

𝑇𝑺𝑖𝛼𝑹𝒆𝛽
= 𝒆𝑇𝛽 𝑹

𝑇 𝒆𝑖𝛼𝒆𝑇𝑖𝛼𝑹𝒆𝛽

=
(

𝒆𝑇𝑖𝛼𝑹𝒆𝛽
)2.

That is, for DoF along the basis axes of the current reference frame, the 
numerator in Eq. (13) is simply the square of the value in row 𝑖𝛼, column 
𝛽 of 𝑹, and hence the total DoF of atom 𝑖 is easily calculated as the sum 
over the three basis directions.

1.1.  Semi-rigid fragments

This same process can be applied to semi-rigid fragments, with the 
only difference being in the construction of 𝑱  which we will describe in 
the following subsections. While rotational and translational invariance 
holds, deformation of the fragment may result in different DoF parti-
tioning. That is, changes in the position of the fragment will not change 
the DoF partitioning, and changes in orientation simply rotate the di-
rectional DoF as for rigid bodies, but changes to internal coordinates 
(e.g. lengths of stretchable bonds, or angles between bonds) can have 
an effect.

1.1.1.  Bond constraints
Consider an ethane molecule with rigid bond lengths, C1 connected 

to H1–H3, and C2 connected to H4–H6 (see Fig. 1). This is an example 
of an acyclic (open chain) fragment. The constraints have tree topol-
ogy, meaning there is exactly one path of constraints between any two 
particles in the fragment, and therefore no kinematic loops. Choosing 
an arbitrary atom as the root, construction of a Jacobian for such sys-
tems can be conveniently simplified to (1) construction of a triangular 
connectivity matrix which defines, in each block row, the path through 
the tree from the atom corresponding to that block row back to the root 
atom, and (2) construction of a block diagonal matrix in which each 
diagonal element represents the Jacobian for the motion of the corre-
sponding atom relative to its predecessor in the tree [7]. For example, 
with C1 chosen as the root atom, ethane with rigid bond lengths would 
have the Jacobian

𝑱 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝟏 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎
𝟏 𝟏 𝟎 𝟎 𝟎 𝟎 𝟎 𝟎
𝟏 𝟎 𝟏 𝟎 𝟎 𝟎 𝟎 𝟎
𝟏 𝟎 𝟎 𝟏 𝟎 𝟎 𝟎 𝟎
𝟏 𝟎 𝟎 𝟎 𝟏 𝟎 𝟎 𝟎
𝟏 𝟎 𝟎 𝟎 𝟏 𝟏 𝟎 𝟎
𝟏 𝟎 𝟎 𝟎 𝟏 𝟎 𝟏 𝟎
𝟏 𝟎 𝟎 𝟎 𝟏 𝟎 𝟎 𝟏

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝟏 𝟎 𝟎
𝟎 −[𝒓C1-H1]× 𝟎
𝟎 𝟎 −[𝒓C1-H2]×
𝟎 𝟎 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 𝟎
𝟎 𝟎 𝟎

⋯ (15)
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⋯

𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝟎 𝟎

−[𝒓C1-H3]× 𝟎 𝟎 𝟎 𝟎
𝟎 −[𝒓C1-C2]× 𝟎 𝟎 𝟎
𝟎 𝟎 −[𝒓C2-H4]× 𝟎 𝟎
𝟎 𝟎 𝟎 −[𝒓C2-H5]× 𝟎
𝟎 𝟎 𝟎 𝟎 −[𝒓C2-H6]×

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

where the block rows correspond to C1, H1, H2, H3, C2, H4, H5, and 
H6, respectively.

More generally, with a constrained bond length, the only motion 
available to a given particle, 𝑠, is rotational motion around its predeces-
sor, 𝑝, as described by the matrix −[𝒓𝑝−𝑠]×. Hence, for general fragments 
with tree topology, the block row of the Jacobian corresponding to atom 
𝑠, when applied to 𝜽̇, should give the velocity of 𝑝 plus the velocity of 𝑠
relative to 𝑝.

1.1.2.  Angle constraints
A similar process can be applied for angle constraints. Consider a 

water molecule with the H–O–H angle fixed, but the O–H bond lengths 
free to change. One choice of internal coordinate system is to use the O 
atom as the root, and describe the positions of the H atoms by a rotation 
of the molecule around O and stretching of the two bond lengths. This 
gives

𝑱 =
⎡

⎢

⎢

⎣

𝟏 𝟎 𝟎 𝟎
𝟏 −[𝒓O-H1]× 𝒓̂O-H1 𝟎
𝟏 −[𝒓O-H2]× 𝟎 𝒓̂O-H2

⎤

⎥

⎥

⎦

, (16)

where 𝒓̂O-H1 is the unit column vector pointing from O to H1, and thus 
the final two block columns are 1-wide rather than 3-wide (or alterna-
tively could be written as 3-wide with two columns of zeroes, in which 
case each additional zero column will simply generate a zero eigen-
value).

In cases where an angle constraint applies to the angle between two 
bonds with constrained lengths, the three participating points become 
a rigid body, and hence the part of the Jacobian corresponding to them 
can be constructed as such (by simply omitting the columns correspond-
ing to bond stretching). Alternatively, the angle constraint can be treated 
as a loop-closing distance constraint (e.g. between the two H atoms in 
the above example), as detailed below.

1.1.3.  Molecules with kinematic loops
Molecules with kinematic loops (including cyclic molecules with 

rigid bonds forming a ring and acyclic molecules with constraints that 
form rings) present more of a challenge, but can be managed in a sim-
ilar manner with some additional preparation. Taking inspiration from 
algorithms for solving linked rigid body equations of motion [8,9], we 
first begin by constructing the Jacobian of a spanning tree, 𝑱 (𝑡). The 
spanning tree connects all particles in a semi-rigid fragment with a net-
work of constraints such that there is exactly one path between any two 
particles (see Fig. 2). It is constructed by simply ignoring constraints 
which would result in kinematic loops, and otherwise following the pro-
cedures described in previous sections. For each remaining loop-closing 
constraint, indexed by 𝑘, define 𝑽𝑘 as the matrix which, when applied 
to the vector of atomic velocities (i.e. the result of 𝑱 (𝑡)𝜽̇), gives the ve-
locity along loop-closing constraint 𝑘. As an example, for a bond length 
constraint between atoms 𝑝 and 𝑠, 𝑽𝑘 would be

𝑽 bond
𝑘 = 𝒓̂𝑇𝑠−𝑝(𝑪𝑠 − 𝑪𝑝), (17)

where the unit vector 𝒓̂𝑠−𝑝 ≡ (𝒓𝑠 − 𝒓𝑝)∕
|

|

|

𝒓𝑠 − 𝒓𝑝
|

|

|

, and the 3 × 3𝑁 selector 
matrices 𝑪𝑖 are constructed from 3 × 3 block columns which are all zero 
except for the one corresponding to particle 𝑖, which contains the 3 × 3
identity, 𝟏.

Fig. 2. Illustration of a spanning tree (solid lines) and loop-closing constraints 
(dashed lines). The loop-closing constraint at the top, forming a triangle, could 
be considered as an angle constraint. Note, the spanning tree is not unique for 
constraint topologies with kinematic loops.

Next, define the matrix describing the velocity along each of the 𝑁𝑘
loop-closing constraints as

𝑲 ≡
⎡

⎢

⎢

⎣

𝑽1
⋮

𝑽𝑁𝑘

⎤

⎥

⎥

⎦

𝑱 (𝑡). (18)

The loop-closing constraints are only satisfied by 𝜽̇ such that 𝑲𝜽̇ = 𝟎. 
Hence, the null space of 𝑲 defines the vector subspace in which reduced 
coordinate velocities of the spanning tree do not violate the loop-closing 
constraints. With 𝒁 an orthonormal basis on 𝑛𝑢𝑙𝑙(𝑲), the Jacobian which 
accounts for the loop closures can be written as 𝑱 = 𝑱 (𝑡)𝒁. That is, the 
motion of the spanning tree is constrained to the manifold which pre-
serves the loop-closing constraints, resulting in a Jacobian with matrix 
rank equal to the total DoF. From this point, the same procedure as be-
fore can be followed to determine the normal modes by calculating the 
eigenvalues, 𝚲, and eigenvectors, 𝑸, of  = 𝑱 𝑇𝑴𝑱 , and hence obtain 
the atomic and directional DoF.

Notably, rather than first defining a spanning tree and then handling 
loop closures, an alternative approach which works for both cyclic and 
open-chain structures is to set the initial Jacobian equal to the identity, 
and then construct 𝑲 from all constraints in the system. This is useful 
for verification, and makes rows of 𝑲 simpler to construct, but it also 
increases the size of 𝑲 and thus the expense of computing a basis on 
𝑛𝑢𝑙𝑙(𝑲) (e.g. by singular value decomposition).

A more complicated constraint example is that of a loop-closing an-
gle constraint between atoms 𝑖, 𝑗 and 𝑘, which may have unconstrained 
𝑖𝑗 and/or 𝑗𝑘 distances (see Fig. 3 as an example). With atom 𝑗 as the 
reference point, the motion in the constraint space is given by the angu-
lar velocity of atom 𝑖 around 𝑗 relative to that of 𝑘 around 𝑗, projected 
onto the 𝑖𝑗𝑘 plane if such a plane exists. The operator which gives the 
velocity of 𝑖 relative to 𝑗 when applied to 𝑱 (𝑡)𝜽̇ is (𝑪𝑖 − 𝑪𝑗 ). Hence, the 
operator for the angular velocity of 𝑖 around 𝑗 is

𝝎𝑗𝑖 =
[𝒓𝑗𝑖]×
|

|

|

𝒓𝑗𝑖
|

|

|

2

(

𝑪𝑖 − 𝑪𝑗
)

. (19)

If the angle is constrained to 0◦ or 180◦, then the constraint imposes 
𝝎𝑗𝑖 = 𝝎𝑗𝑘, and hence the velocity along the constraint is given by the 
difference 𝝎𝑗𝑘 − 𝝎𝑗𝑖. Alternatively, in the more common case that the 
fixed angle constrains motion only in one plane, the constraint applies 
the condition
(𝒓𝑗𝑖 × 𝒓𝑗𝑘)𝑇

|

|

|

𝒓𝑗𝑖 × 𝒓𝑗𝑘
|

|

|

(𝝎𝑗𝑘 − 𝝎𝑗𝑖)𝑱 (𝑡)𝜽̇ = 0. (20)

Therefore,

𝑽 ang
𝑘 =

⎧

⎪

⎨

⎪

⎩

𝝎𝑗𝑘 − 𝝎𝑗𝑖, |𝒓𝑗𝑖 × 𝒓𝑗𝑘| = 0,

(𝒓𝑗𝑖×𝒓𝑗𝑘)𝑇
|

|

|

𝒓𝑗𝑖×𝒓𝑗𝑘
|

|

|

(𝝎𝑗𝑘 − 𝝎𝑗𝑖), |𝒓𝑗𝑖 × 𝒓𝑗𝑘| ≠ 0.
(21)
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Fig. 3. Example of a loop-closing angle constraint (dashed arc). 𝑖, 𝑗, and 𝑘 are 
already part of the spanning tree (solid lines), so the 𝑖𝑗𝑘 angle constraint creates 
a kinematic loop. Note, the angle constraint cannot be represented as an 𝑖𝑘
distance constraint in this case because the 𝑗𝑘 bond length (dotted line) is not 
constrained.

1.1.4.  Dihedral constraints
As they apply to four atoms, dihedral constraints are most simply 

implemented in the same manner as loop-closing angle constraints. For 
a dihedral constraint on atoms 𝑖, 𝑗, 𝑘 and 𝑙, it is the angle between the 
𝑖𝑗𝑘 and 𝑗𝑘𝑙 planes which is held fixed. Hence, the 𝑽 dih

𝑘  matrix should 
correspond to the difference in angular velocity between atoms 𝑖 and 𝑙
around axis 𝑗𝑘, which is given by

𝑽 dih
𝑘 =

𝒓𝑇𝑗𝑘
|

|

|

𝒓𝑗𝑘
|

|

|

⎡

⎢

⎢

⎢

⎣

[𝒓𝑗𝑖]×
|

|

|

𝒓𝑗𝑖
|

|

|

2

(

𝑪𝑖 − 𝑪 (𝑡)
𝑗

)

−
[𝒓𝑘𝑙]×
|

|

𝒓𝑘𝑙||
2

(

𝑪𝑙 − 𝑪𝑘
)

⎤

⎥

⎥

⎥

⎦

,

=
𝒓𝑇𝑗𝑘
|

|

|

𝒓𝑗𝑘
|

|

|

(𝝎𝑗𝑖 − 𝝎𝑙𝑘). (22)

A similar matrix can be used for improper dihedral constraints, in which 
case 𝑖𝑗 is the axis of rotation, and the angle constraint is between the 
𝑖𝑗𝑘 and 𝑖𝑗𝑙 planes.

This process also illustrates a general method for constructing the 𝑽𝑘
matrix for arbitrary geometric constraints.

2.  Implementation details

The previous section makes it clear that for a given semi-rigid frag-
ment, knowledge of the topology of the spanning tree constraints and 
a list of loop-closing constraints (which may be empty) is sufficient to 
construct the Jacobian, given particle positions and masses. With this 
in mind, dofulator first builds these topology representations from 
information about constraints in the system, providing a plan for the 
Jacobian construction. As only distance constraints are currently sup-
ported, 1 the spanning tree can be defined simply by storing the index 
of the predecessor particle, 𝑝, of each particle, 𝑠, in a given fragment, 
following similar procedures to those described in Ref. [8]. The list of 
particles in each fragment is then calculated from predecessor informa-
tion in an order such that the predecessor of a given particle always 
comes before that particle. This ensures that when the list is iterated 
over in order, block row 𝑠 in 𝑱 (𝑡) can be constructed simply by copy-
ing block row 𝑝 and then overwriting the zeroes in the columns cor-
responding to motion of 𝑠 relative to 𝑝. With the plan defined by the 
topology information stored in a context structure, Jacobians for all frag-
ments, and from there the atomic and directional DoF, can be computed 
for a given particle configuration by simple iteration over particles in 
each fragment. The DoF results arestored in the context for querying as 

1 This only excludes support for unusual cases where an angle is fixed but the 
bond lengths can vary, or a dihedral is fixed but the angles and/or bond lengths 
can vary. While the theory presented in this manuscript is applicable to such 
cases, they are not normally implemented in MD codes, and hence not currently 
supported in dofulator.

described previously, and then overwritten when computed for a new
configuration.

In the case of rigid bodies, the fragments are flagged as such dur-
ing initialization, and the Jacobian is built based on rotation around the 
center of mass so that only a 3 × 3 inertia tensor needs to be diagonal-
ized, with translational DoF treated separately. As the total DoF of a 
given particle in a rigid body does not change, construction of the Ja-
cobian and diagonalization of the inertia tensor only needs to be done 
once. Choosing up to 3 particles as a reference allows calculation of the 
orientation of the rigid body relative to its orientation when the Jaco-
bian was calculated, and hence directional DoF can be determined by 
projection as in Eq. (14).

In the most computationally expensive case we considered, with 560 
semi-rigid fragments each containing 23 atoms and 24 constrained bond 
lengths, giving two loop closures (Fig. 6), it took approximately 2 min-
utes to process 401 trajectory frames on a laptop with an Intel® Core™ 
i7-10850H processor. Ignoring time spent loading the trajectory from 
disk, approximately 10% of the processing time was spent handling loop 
closures (primarily in singular value decomposition to find 𝒁), and the 
remaining 90% was spent mostly on finding the eigenvectors of . This 
case is significantly more complicated than typical constraint topologies 
encountered in routine molecular dynamics simulations, which are more 
likely to have semi-rigid fragments of 4 atoms or less (e.g. CH2 or CH3
groups with rigid C–H bond lengths). A 4 atom fragment without loop 
closures would have a 12 × 12 inertia tensor to diagonalize, rather than 
the 67 × 67 one discussed here, and therefore a significantly lower com-
putational load, with eigenvalue decomposition having a naïve compu-
tational complexity of (𝑛3). Even the simple case remains somewhat ex-
pensive to evaluate on every step of a simulation with many fragments, 
though, so if this is required, possible optimizations include batching 
of matrix operations for GPU acceleration, or perhaps taking advantage 
of tight integration with the constraint solver, or analytical solutions to 
simple cases [2]. However, since current run-times are acceptable for 
the more likely use case of post-processing or evaluation every 𝑁 ≫ 1
time steps, we leave such improvements to future work should they be-
come necessary. We note that for long trajectories, parallelization over 
trajectory frames offers a simple method of acceleration, in which case 
the current implementation requires only that a separate context is con-
structed for each parallel worker.

To reduce computational load in the semi-rigid case, it is tempting 
to separate the Jacobian into smaller matrices corresponding to transla-
tion, rotation, and vibrations, and diagonalize those individually. How-
ever, in general, the rotational and vibrational modes are inherently cou-
pled (often referred to as Coriolis coupling) and so cannot be separated 
without approximation. Furthermore, separation of translational modes 
would require the rovibrational Jacobian to be constructed such that it 
preserves the center of mass, which, while possible, is not as simple as 
the procedure described here. Hence, to obtain separate contributions 
for translational and rovibrational modes of semi-rigid fragments, we 
separately calculate the translational DoF (which are simply the mass 
fraction of each atom), and then subtract the result from the total DoF, 
leaving the rovibrational component. Note, further separation into in-
dividual modes is possible in theory by considering particular columns 
of 𝑹, but since the normal modes will change as the fragment deforms, 
there is no guarantee that a given column will correspond to the same 
mode at different times or between different topologically equivalent 
fragments.

3.  Simulations

With the necessary theory in place, we now simulate systems with 
various constraint geometries as a means of validation. Unless other-
wise specified, results in the following sections used GROMACS (version 
2022.3) [10] for molecular dynamics simulation and VMD [11] with the 
Tachyon renderer [12] for visualization.
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3.1.  Open chain molecules: Tree topology

Simulating liquid ethane at equilibrium with constrained bond 
lengths (as described in Section 1.1) presents a simple test for open 
chain molecules (having tree topology). In the lowest energy configu-
ration, as given by geometry optimization performed by the Automated 
Topology Builder (ATB) [13], the carbon atoms have 2.287 DoF, while 
the hydrogen atoms have 2.071, although both depend on the particular 
conformation and were adjusted accordingly, per-atom, during analysis.

1362 ethane molecules in a 5 × 5 × 5 nm3 periodic box were simu-
lated for 1000ps. The md-vv-avek integrator was used with a time step 
of 0.25 fs, and bond lengths were constrained using the LINCS algorithm 
[14] with order 4 and 2 iterations. Note, the small time step was required 
for this system so that the kinetic temperature calculated from the out-
put velocities agreed with the set-point of the thermostat (and with the 
temperature reported in the GROMACS simulation log). Increasing the 
LINCS order to 8 and iterations to 4 did not make a noticeable differ-
ence. Partial atomic charges, pair-wise interaction parameters, and an-
gle and dihedral restraint parameters were from the ATB [13], based on 
the GROMOS 54A7 force field [15]. The simulation began from an ini-
tial, randomly generated configuration, in which atom velocities were 
randomly assigned by GROMACS at 185 K. Temperature was controlled 
at 185 K using a Nosé-Hoover chain thermostat with chain length 3 and 
a coupling time of 0.1 ps.

Fig. 4 shows the local, instantaneous kinetic temperatures of both 
types of atom in the system (C and H atoms) as a function of time, aver-
aged over all molecules in the system, with data points every 0.125 ps. 
For a given type of atom, , the local instantaneous temperature was 
calculated as

𝑇(𝑡) =
∑

𝑖∈ 𝑚𝑖𝒗𝑖 ⋅ 𝒗𝑖
𝑘𝐵

∑

𝑖∈ 𝑑𝑖
, (23)

where 𝒗𝑖 is the velocity of atom 𝑖, 𝑑𝑖 is its DoF, 𝑚𝑖 is its mass, and 𝑘𝐵 is 
Boltzmann’s constant. Similarly, the instantaneous temperature of the 
overall system was calculated as

𝑇all(𝑡) =
∑

𝑖 𝑚𝑖𝒗𝑖 ⋅ 𝒗𝑖
𝑘𝐵

∑

𝑖 𝑑𝑖
. (24)

Firstly, it is evident that symmetrically equivalent atoms have the 
same temperature on average, as expected, and the temperatures of both 
the C and H atoms converge to the total system temperature, indicat-
ing that the calculated DoF partitioning is correct. Secondly, comparing 
against the temperature calculated from all particles in the system, it is 
clear that relaxation to equilibrium between C and H atoms is relatively 
slow, as this is not aided by the thermostat which acts only on the over-
all system temperature. Equilibration time between internal DoF was 
also observed to be sensitive to the integrator routine, taking signifi-
cantly longer when the leap-frog algorithm (GROMACS’ md integrator) 
was used. This could be influenced by various factors regarding the de-
tails of the numerical integrator and constraint algorithm, which we 
intend to examine in future work. However, a longer equilibration time 
between internal modes beyond the time for the overall system temper-
ature to relax is an expected result [16,17].

Note, this system has more complex constraint topology than is typ-
ical of routine molecular dynamics simulations in which it is often only 
the C–H bond length that is constrained. In such scenarios, each XHn
group can be treated as an individual semi-rigid fragment. Hence, this 
system of semi-rigid ethane serves as a test of the algorithm in a plausi-
ble, but relatively extreme scenario. The following sections explore even 
more strenuous circumstances.

3.2.  Loop closure

A simple test for handling a constraint topology with a loop closure 
is the benzene molecule with all bond lengths constrained. Similar to 
the ethane system, a 5 × 5 × 5 nm3 periodic unit cell of 845 benzene 

Fig. 4. Temperature of each unique atom in liquid ethane with rigid bond 
lengths as a function of time after initial random velocity generation, compared 
against the temperature of the overall system (orange) and the thermostat set-
point (dashed line). The temperature was calculated every 0.125 ps, and each 
data point in the figure represents a block average over 5ps.

Fig. 5. Temperature of each unique atom in liquid benzene with rigid bond 
lengths as a function of time after initial random velocity generation, compared 
against the overall kinetic temperature of all atoms in the system. Atomic tem-
peratures were calculated as per Eq. (23), with lines of the same color represent-
ing symmetrically equivalent atoms, and the dashed line indicating the set-point 
temperature of the Nosé-Hoover thermostat. The temperature was calculated 
every 0.25 ps and each data point in the figure represents a block average over 
0.5 ps.

molecules with constrained bond lengths was simulated for 50ps using 
a 0.5 fs time step, and the temperature of each unique atom within a 
molecule was tracked. The details of the integration scheme, thermostat, 
and interaction parameters were the same as for the previous simulation 
of ethane, with the thermostat set to 300 K and initial velocities gener-
ated to match that value. Results in Fig. 5 show clearly that accounting 
for the loop-closing constraints gives a temperature which correctly con-
verges to the set-point after some time for equilibration of internal DoF. 
Notably, again, equilibration of internal modes took significantly longer 
than equilibration of the overall system temperature, although shorter 
than the previous example.

A more complex test with two kinematic loops is presented by 1-
methoxybicyclo[2.2.1]heptane with rigid bond lengths. Simulation pa-
rameters were as before, with 560 molecules in a 5 × 5 × 5 nm3 periodic 
unit cell at 300 K, although again in this case a 0.25 fs time step was 
used to ensure the output velocities gave a system temperature which 
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Fig. 6. Temperature of each atom in bulk-phase 1-
methoxybicyclo[2.2.1]heptane with all bond lengths held rigid. Temperature 
was calculated as per Eq. (23), and the dashed line indicates the set-point 
temperature of the thermostat. Data is split into three panels for clarity, with 
the top panel showing atoms from the methoxy group and the overall system 
temperature, the middle panel showing carbon atoms in the ring structure, and 
the bottom showing hydrogen atoms attached to the ring structure. Insets show 
the plotted atoms as opaque, and explicit atom labels can be seen in the inset of 
Fig. 8. The temperature was calculated every 0.25 ps and each data point in the 
figure represents a block average over 1ps. Lines of the same color represent 
symmetrically equivalent atoms.

converged to the set-point, and a LINCS order of 6 was used to ensure 
all constraints “see” each other. Results in Fig. 6 again show that tem-
peratures of all atoms converge to the thermostat set-point after some 
equilibration time, confirming that the algorithm for handling loop clo-
sures is robust against multiple kinematic loops.

3.3.  DoF distribution

Especially for larger semi-rigid fragments, or those with loop-closing 
constraints, it is tempting for computational performance to avoid dy-
namically evaluating the DoF of each atom in each conformation by 
simply assigning a constant value based on the molecule’s minimum en-
ergy geometry or sampling from a short simulation. Here we examine 
the extent to which atomic DoF is sensitive to the conformation of a 
fragment.

Considering carbon atoms in octane with rigid bond lengths, various 
conformations were generated with H atoms rotated into minimum en-

Fig. 7. Sensitivity of carbon atom DoF to bond angles in octane with rigid bond 
lengths. (a) shows the DoF of each carbon atom in a configuration with C–C 
bond angles progressing from 80° to 180° in 20° increments. In (b), all C–C–C 
angles were adjusted simultaneously (𝑥 axis). C1 and C8 refer to the carbon 
atoms at each end of the chain, while C4 and C5 are the central two.

ergy positions for each using the molecular mechanics tool in WebMO 
[18]. C–C bonds were fixed at 1.53 Å, while C–H bonds were fixed at 
1.12 Å. Fig. 7a shows an example of one such conformation, indicating 
that the atomic DoF can depend strongly on the local constraint envi-
ronment, as well as the position within the chain. To separate the two 
components as much as possible, Fig. 7b examines the atomic DoF as a 
function of the C–C–C bond angles when the bond angles are all equal. 
It is apparent that the carbon atoms at the ends of the chain are particu-
larly sensitive to the bond angle, changing by 0.36 DoF across the span 
of angles tested, whereas those in the middle of the chain only changed 
significantly at large angles. It is also apparent that only considering the 
conformation of the constraints directly involving a given atom is not 
enough to predict its DoF; the conformation of the rest of the molecule 
can also have a significant effect. For example, C7 has 2.082 DoF in 
the conformation of Fig. 7a, despite only being directly involved in a 
180° and 160° C–C–C angle, both of which would suggest a value of ap-
proximately 1.95 DoF based on Fig. 7b. This may be explained by the 
opposite end of the chain being compacted in the Fig. 7a conformation 
so that the center of mass is further from C7, giving it a greater contri-
bution on average to the inertia of the rotational and bending modes. 
Interestingly, variations in C–C–C–C dihedral angles (not shown) which 
maintained fixed bond angles (approx. 107°) and minimum energy H 
positions had negligible effect on atomic DoF, suggesting that changes 
in rotational inertia contributions due to extension or compaction of 
the molecule were compensated by opposing changes in contributions 
to bending inertia in this case.

While these results would seem to imply that per-conformation 
DoF calculations are necessary, there are two factors to be consid-
ered. Firstly, for temperatures calculated over a large enough number 
of equivalent atoms in a similar chemical environment (e.g. the bulk 
phase), conformations are expected to be within some distribution of 
the average conformation in that environment, and hence using the 
average atomic DoF would be an appropriate approximation. For ex-
ample, calculating the temperature of each atom in ethane with rigid 
bonds (Section 3.1) using the atomic DoF values of the minimum energy
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Fig. 8. Letter value plot [19] showing the distribution of DoF of each atom in 
1-methoxybicyclo[2.2.1]heptane (bulk phase, 300 K, ∼1 g/cm3). Data from 200 
trajectory snapshots, each 0.25 ps apart, with 560 molecules in each snapshot. 
Box widths indicate the relative sample density, and outliers (representing 0.7% 
of the data points) are plotted as circles.

geometry yields near-identical results to those in Fig. 4 which re-
calculated atomic DoF for each frame of the trajectory.

Secondly, the range of motion considered here is significantly larger 
than the range expected to be sampled within a typical simulation, and 
hence the variance in atomic DoF may be smaller in practice. However, 
other atomic configurations may have a larger range of motion, or may 
be more or less sensitive depending on the relative atomic masses. We 
examine this further by plotting the distribution of atomic DoF encoun-
tered in the simulation of bulk phase 1-methoxybicyclo[2.2.1]heptane 
with rigid bonds as described above, sampling from the final 50ps. Fig. 8 
shows that while the hydrogen atoms are quite insensitive to conforma-
tion (as was also the case for octane), the carbon and oxygen DoF can 
vary significantly. The oxygen atom (O1) and the carbon atom at the 
end of the methoxy group (C1) were particularly sensitive, while the 
carbon atoms in the ring structure were less-so.

Given the large variance in DoF of some atoms, particularly O1 and 
C1, it is interesting here to compare temperatures calculated from dy-
namically updated DoF, 𝑇 dyn , to those calculated by simply assigning 
constant atomic DoF equal to that of the minimum energy geometry, 
𝑇 0
. Fig. 9 plots Δ𝑇 = 𝑇 0

 − 𝑇 dyn  over the course of the trajectory, and 
shows clearly that not all atom temperatures converge to a steady value 
commensurate with the thermostat temperature when a constant DoF 
value is used. This implies that the average geometry in the equilibrium 
state does not match the minimum energy geometry determined by the 
ATB, which is not particularly surprising given that it was calculated for 
the infinitely dilute case, whereas the simulation is of the liquid phase.

Fig. 9 also shows that one H atom in the methoxy group has a slightly 
different temperature deviation to the others. This stems from a dif-
ference in DoF in the minimum energy geometry between H1 (∼2.072 
DoF), and H2 and H3 (∼2.070 DoF). Although they should be equivalent 
(and Fig. 8 shows they indeed have the same DoF on average when it 
is dynamically updated), in the single geometry used for assigning the 

Fig. 9. Difference in temperature, Δ𝑇 = 𝑇 0
 − 𝑇 dyn , between the temperature 

calculated using constant per-atom DoF based on the minimum energy geom-
etry, 𝑇 0

, and the more accurate temperature calculated using dynamically up-
dated DoF, 𝑇 dyn . The upper, middle, and lower panels show the atoms in the 
methoxy group, C atoms in the ring structure, and H atoms attached to the ring 
structure, respectively, as highlighted by the opaque atoms in the insets. The 
geometry of the insets is that of the minimum energy, in which H1, C1, O1, C2, 
C8, C5 and H8 are co-planar. Note, all lines in the lower panel are coincident 
(i.e. Δ𝑇 ≈ 0 for  ∈ {H4,… ,H14}).

degrees of freedom in this case, they are not. The difference is in the 
(instantaneous) environment experienced by the H1 atom, which is co-
planar with C1, O1, C2, C8, and H8, compared to the H2 and H3 atoms 
which are symmetric across that plane. Since the H1–H2–H3 plane is not 
precisely perpendicular to the C1–O1 bond, H1 has a slightly different 
inertia contribution to the bending motion of the C1–O1–C2 angle in 
comparison to H2 or H3. Similarly, the H1–H2–H3 plane is also not per-
pendicular to the C1–C2 vector, and therefore there is also a difference in 
contribution to the bending inertia of the O1–C2–C8 angle. Note, these 
bond bending motions may not necessarily be (instantaneous) normal 
modes of motion, but illustrate how equivalent atoms may contribute 
differently to inertia depending on their position. A better estimation of 
atomic DoF would be obtained by appropriate averaging of equivalent 
atoms, and the numerical results indicate that this would also give a 
better approximation of local temperatures.

The other interesting phenomena apparent in Fig. 9 is the magnitude 
of the fluctuations in Δ𝑇. Those atoms with higher variation in DoF 
(Fig. 8), particularly C1 and O1, and to a lesser extent, C2, show larger 
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fluctuations, even after the system has equilibrated. Such fluctuations 
obviously also depend on the number of atoms in the local subset be-
ing measured, and hence a dynamic DoF calculation may be required for 
small subsets of atoms with large DoF variance if accurate time-resolved 
data is required, whereas a constant, average value would be sufficient 
for larger subsets and/or those with smaller variance. Time-averaged 
measurements would also converge to the correct value when a con-
stant atomic DoF is used based on the average value, provided there is 
no space- or time-dependence. However, molecules around some inho-
mogeneity/interface may have a different average conformation (and 
therefore a different DoF distribution) than those in the bulk, or a non-
equilibrium process such as a phase change or change in stress may 
cause the average conformation to change with time.

3.4.  Thermal fields

Lastly, we briefly examine a system where there is heat flow across 
a water-graphene interface due to a thermal gradient. In this nonequi-
librium system, accurate local temperature measurement is critical for 
determination of the temperature profile and examination of the inter-
facial thermal resistance (Kapitza resistance) between the water and 
graphene. The Kapitza resistance at the phase boundary between the 
graphene and water causes a step change in the temperature, and this 
property is important for thermal management in nanoscale technolo-
gies. Using LAMMPS (version 22 Dec 2022) [20], water confined be-
tween two walls thermostatted at different temperatures was simulated. 
Heat flow occurred through the water, which was modelled using two 
different force fields: the SPC/E (rigid body) potential [21], and a semi-
rigid version in which the H–O–H angle was allowed to change with 
the harmonic potential from the flexible SPC/Fw model [22]. The lat-
ter case represented a system of semi-rigid fragments. Bond and angle 
constraints were applied using the RATTLE [23] algorithm.

The two-layer graphene walls were modelled using a Tersoff poten-
tial for intramolecular interactions [24], and a Lennard-Jones potential 
for interactions between layers [25] and with water [26]. The outer 
graphene layers were frozen, while the inner layers were free to move 
but had the total momentum of each layer set to zero each time step to 
maintain a consistent channel width. The temperature of each graphene 
wall was controlled with a Langevin thermostat [27,28] with a 50 fs 
coupling time, while no thermostat was applied to the water molecules.

After initial equilibration of the rigid water system for 2ns with a 
1 fs integration time step and both walls thermostatted to 300 K, the 
target temperatures of the thermostats on the left and right walls were 
adjusted to 250 K and 350 K, respectively. The system was then allowed 
to progress to a nonequilibrium steady state over the course of 3ns. This 
configuration was then replicated as a starting point for the semi-rigid 
water system. For both systems, the time step was adjusted to 0.5 fs and 
a further 500ps was simulated to ensure a consistent steady state was 
achieved. The configuration and velocities were then sampled every 500 
fs over 4.5 ns for post-processing.

Fig. 10 shows that for both constraint topologies, the inertia-based 
DoF partitioning implemented in dofulator enables reliable measure-
ment of the temperature profile close to the walls, thereby providing 
more data from which the temperature gradient, and hence the Kapitza 
resistance, can be calculated. When the temperature was determined 
using dofulator, the region where the temperature profile is reliable 
(where it varies linearly with position) has the same extent as that of 
similar simulations with the fully flexible SPC/Fw model, for which lo-
cal temperature calculation is trivial. In comparison, na’́ively assigning 
6/3 (7/3) DoF to each atom in rigid (semi-rigid) water only gives a 
reliable measurement in the bulk phase, and therefore requires an addi-
tional ∼5 Å of extrapolation to the walls. The oscillations observed with 
the naïve DoF assignments are due to the orientational ordering of the 
water near the walls [3], and therefore the oscillations dampen in the 
center of the channel where the water is more bulk-like and is randomly 
oriented. The presence of oscillations would be especially problematic in 

Fig. 10. Temperature profile of water confined between graphene walls, com-
paring results from inertia-based partitioning (as implemented in dofulator) 
against naïve DoF assignment (each atom within a molecule assigned the same 
DoF). Vertical dashed lines mark the locations of the inner graphene layers, 
with the left and right layers thermostatted to 250 K and 350 K, respectively 
(highlighted blue and red in the pictorial representation). A linear fit to the 
inertia-based result is shown as a guide to the eye, as is a cubic spline fit to the 
naïve result. Data points with low average density of water (and therefore poor 
statistical sampling) were omitted. The pictorial representation shows a slice of 
the rigid water system aligned with the 𝑥 axes of the plots. (For interpretation 
of the references to colour in this figure legend, the reader is referred to the web 
version of this article.)

narrower channels where there is no bulk region, making it impossible 
to determine the temperature gradient using the naïve DoF assignment. 
For the semi-rigid system considered here, using constant DoF values 
calculated from the equilibrium geometry (2.882 for O, 2.059 for H) 
gives near-identical results to the dynamic DoF calculation. Hence, in 
this case, ordering at the interface does not cause significant deviation 
of the water molecules’ average conformation from the minimum en-
ergy one, and therefore constant DoF values are sufficient if directional
kinetic temperature is not required. Note, though, that this result is 
likely case-specific, and other nonequilibrium/inhomogeneous systems 
should be checked before deciding whether using constant atomic DoF 
is an appropriate approximation.

4.  Conclusions

Here we have shown all necessary details to implement calculation 
of local DoF and temperature in the presence of arbitrary geometric 
constraints by the method of inertia-based partitioning. The algorithm, 

Computer Physics Communications 320 (2026) 110003 

9 



S. Sanderson, S. Alosious and D.J. Searles

implemented in our open source dofulator package, was tested suc-
cessfully for various constraint topologies, including both open chains 
and topologies with closed kinematic loops, and for a confined system 
with a temperature gradient. Simulation results confirmed that, in all 
cases, on-the-fly determination of the local DoF allowed for accurate lo-
cal kinetic temperature measurement. Furthermore, it is clear that such 
measurements present a sensitive test for the equilibration of thermal 
velocities between internal DoF when such conditions are expected, and 
this may take significantly longer than equilibration of the overall sys-
tem temperature. Additionally, we have shown that using the average 
DoF of a given atom, or even simply its DoF in the minimum energy 
geometry of the infinitely dilute gas phase, is often sufficient to obtain 
accurate results, although this may not always be the case.
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